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Linear Time-Invariant Systems
(LTI Systems)

Outline
> Basic System Properties
v Memoryless and systems with memory (static or
dynamic).
v Causal and Non-causal systems (Causality).
v Linear and Non-linear systems (Linearity).
v Stable and Non-stable systems (Stability).
v Time-Invariant systems (Time invariance).
Basic System Properties
Memoryless and systems with memory (static or dynamic).
Causal and Non-causal systems (Causality).
Linear and Non-linear systems (Linearity).
Stable and Non-stable systems (Stability).
5. Time-Invariant systems (Time invariance).
Memoryless and systems with memory (static or dynamic):
A system is called memoryless, if the output, y(t), of a given system for each

value of the independent variable at a given time t depends only on the input
value at time t.

A system has memory if the output at time t; depends in general on the past
values of the input X(t) for some range of the values of t to t=t,. A system with
memory retains or stores information about input values at times other than the
current input value.

= 00 b =

D-T signal terms:
The transformation does not depend on the previous samples of
the sequence, it is memoryless D-T system

Examples:
System Name System Equation Defmition Description
y(t) =k x(1),
Ideal
Axflpliﬁer/Attenuator y[n]=k-x[n] Memoryless

where K 1is some real constant

tl
y(t) = J’ x(t)dt
Integrator —oo System with memory
Integrate the values of the mput signal

from all past imes up to present time.
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Examples:

1. Continuous time systems:

a) y(t)=5sin(t)-cos(3t): This system is memoryless.
2

b) y(t)= [ x(z)de

For some general input function Xx(t), this system is a system with memory,

because it depends on all past values of the input.
t

c) y(t)= Ir -e7?dz - consider x(t)=t-e"
tO

Solution: we use integration by parts,

u=7r=du=dr

dv=e"=v=——se"=

_ e ‘dr =
u-v—Ivdu=—r-e i §+J‘

t

t

L=teeTHtyeeTh —eT e

-7

—7-e7°

t
to_e

y(t)=e " (1+t,)—e " (1+1)
So we have system with memory.
2. Discrete time systems :
a. y[n]=x[n-5]
This system in not memoryless, because the output value at n depends on the
input values at n—5
b. y[n]=sin(X[n]) + 5 - memoryless system.
Causal and Non-causal systems:
If the output of the system y(t) at any time depends only on the input at present

and/or previous times, we say that the system is causal, mathematically this can

be represented as y(t) = f(x(t),x(t-1),...).

A noncausal system anticipates the future values of the input signal in some way.
All memoryless systems are causal

For real time system where n actually denoted time causality is important.
Causality is not an essential constraint in applications where n is not time, for
example, image processing. If we are doing processing on recorded data, then
also causality may not be required.
Examples:

1. Continuous time systems:

a) Ideal Predictor: this system is given by the following input-output

relationship y(t) = x(t+1), it is noncausal system, since the value y(t) of the

output at time t depends on the value X(t+1) of the input at time t+1, so
the output must appear before the input signal as shown in figure 3-7.
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Figure 3-7: Ideal Predictor

In general, y(t)=k- x(t+q), where q is a positive real number, is a noncausal

system.
b) Ideal Time Delay :

The Ideal Time Delay has the following equation y(t)= X(t—1) and this system is

causal.
2. Discrete time systems:
a) N —point MA Filter:

The N —point MA Filter y[n]= %[x[n]+ X[n=1]+ X[n=2]+...+ X[n— N + 1]] is a
causal system.

b) 9 —point MA Filter:
The 9-point MA Filter with the following definition:

y[n]=%[x[n+4]+ x[n+ 3]+ x[n+ 2]+ x[n+1]+ X[n]+ x[n— 1]+ X[n— 2]+ x[n— 3]+ x[n—4]]

is a noncausal filter, since the filter output at time n requires the future values
X[n+4],x[n+3],x[n+2] and x[n+1] of the input.

1 N
c) The system defined b nj=——- X[n—K] is noncausal.
) y y yn] 2N+1k=Z_:N[ ]
d) y[n]=3X[n—-3] - is a causal, since the output value at n for the system
described by y[n]=3Xx[n— 3] depends on the previous values of n.

e) y[n]=5x3[n+3] - is a noncausal, since the output value n depends on the

input value n+ 3.
Linear and Non-linear systems (Linearity):

This is an important property of the system. We will see later that if we have
system which is linear and time invariant then it has a very compact

N

representation. An operator T is called linear if the following relationships hold:

'IA'{axl (t) +bx,(t)}=a- ?{x1 t)}+b- ?{x2 ()}=a-y,(t)+b- y,(t) for C-T signals.
Or

'IA'{axl[n] +bx,[n]}=a- 'I/:{xl[n]}+ b- 'IA'{xz[n]}= a- y,[n]+b- y,[n] for D-T signals.

To explain these relationships, suppose that T acts on two input signals X, (t) and
X, (t) to produce the following signals:
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y,(t)= T{x1 (t)} - The response of the system to the input X, (t).

and y,(t)= T{Xz(t)} - The response of the system to the input X, (t).

And suppose that a and b are two constants. To get the linearity property, a
linear system has the important property of superposition:

superposition
If an input consists of weighted sum of several signals (
ax,(t)+bx,(t)) , the output is also weighted sum of the responses

of the system to each of those input signals (a-y,(t)+b-y,(t)).

The superposition property consists of two parts:

[l Additivity: The response to {X,(t) + X, (t)}is {y,(t) + y,(t)}.

Homogeneity: The response to a{xl(t)}is a{yl(t)}, where ais any real
number if we are considering only real signals and a is any complex
number if we are considering complex valued signals. This means that if a
system is homogeneous, then the scaled input gives a scaled output
(some scaling factors).

From figure 3-8, we see that we can decompose complicated signal X(t) into a
sum of simpler signals X,(t) and X,(t), and then treat each of these signals

through the system.

X, (t Linear Y1 ‘t) = -lA- {Xl (t)}

System

w Linear Y, ‘t) :_IA_{Xz )}

System

x(t) = Linear y(t) =
—
ax, (t) + bx, (t)]  System ay, (t) + by, (t)

Figure 3-8: Linearity

System linearity checks
To determine that the system is linear, use the following steps (see also the figure
3-8):
1. Form the sum ay, (t) + by, (t) considering two input-output relationship Yy, (t)
and y,(t).

2. Construct the response, T{ax1 (t)+ bxz(t)}, of the input: ax, (t)+bx,(t).

3. Check for equality the response of step 1 with the response of step 2, if
these two responses are equal, then the system is linear.
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Examples:
1. Continuous time systems:

a) y(t)=5x(t)

Solution:
From step 1, we consider two inputs and output signals multiplied by scalars.
Since y(t)=5x(t), we have

Y1 (1) =5x (1),

Yo () =5X%,(t)
and the sum weighted by two constants is:

ay, (t) + by, (t) = 5ax, (t) + 5bx, (t) .
From step 2, we use the sum
ax, (t) + bx,(t) as an input to the system, where

T{ax, (t) + bx, (t)}=5-[ax, (t) + bx, (t)]= 5ax, () + 5bx, (t) .
From step 3, these equations are equal, and then the system is linear.
b) y(t)=Rx>(t), where R is a constant.
Solution:
From step 1, we have:

ay, (1) + by, (t) = aRx; (t) + bRX3 (t)
From step 2, we consider the transformation acting on ax, (t) + bx,(t)=

T{ax, (t) + bx, (1)} = R (ax, (t) + bx, (1))’
Using (X + y)3 = x® +3x%y+3xy® + y* we obtain the following equation

T {ax, (1) + %, (0} = R - (8, () + b, (0)) = R- (82 x3 (1) + 3a2bx2 (1) %, (1) + 3ab?x, (1) X2 (1) + b*XZ (1))

From step 2, the system is not linear.
d?x
c t)=—
) Y=o
Solution:
2 2
ay, (t) + by, () =a 21 4 p 9 %2

dt® dt?
Now
" d?[ax, () +bx, ()] _d2x,(t) . d®x,(t)
T{ax, (t) + bx,(t)}= 1 Dl —a— Ly
8, (1) + bx, (1)} it? e it
in this case, the system is linear, as the result of the first step and second step are
equal.

2. Discrete time systems:

a) y[n]=x[n-5]

T{ax,[n]+ bx,[n]}= ax,[n — 5] + bx,[n — 5] = ay, [n] + by, [n] = therefore y[n]= X[n— 5]
is linear system
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b) y[n]=Xx[nJun—Kk], k>0

T{ax,[n] + bx,[n]}= ax, [nJu[n — k] + bx,[n]u[n — k] = ay,[n] + by,[n]=> linear system
Stable and Non-stable systems (Stability):

There are several definitions for stability. Here we will consider bounded input
bonded output (BIBO) stability. A system is said to be BIBO stable if every

bounded input produces a bounded output.
We say that a signal x[n] is bounded if we can find a constant M such that for all

n, X[n]\ <M <o, and we say that the output signal y[n] is also bounded if we can
find a constant K such that ‘y[n]‘ <K<oo.
Examples:

1 N
a) The moving average system defined b nNl=—— X[n—-Kk] is stable as
) g ge sy v yIn] 2N+1K=Z_:N[ ]

y[n] is sum of finite numbers and so it is bounded.
n

b) The accumulator system defined by y[n]= Zx[k] is unstable. If we take
k=—o0

X[n]=u[n], the unit step then y[0]=1,y[1]=2,y[2]=3,..y[n]=n+1, n=0 so
y[n]grows without bound.
c) y[n]=7x[n- 3], assume that, X[n]< M for some finite M for all n.
In this case X[n]< M implies that |y[n] £7M, so the system is stable.
d) y[n]=2nx[n-1], assume that, X[n]< M for some finite M for all n.
In this case, since we have y[n]=2nx[n-1], were the output directly depends on

n, it grows without bound as n increases, so the system is not stable.
Time-Invariant systems (Time invariance):

A system is said to be time invariance (TI) if the behavior and the structure of the
system do not change with time (TI system responds exactly the same way no
matter when the input signal is applied). Thus a system is said to be time
invariant if a time shift (delay or advance) in the input signal, x(t) = x(t£7), leads

to identical delay or advance in the output signal. Mathematically

If y[n]=T{x[n]}then y[n—n,]=T{X[n-n,]} for any n,
Time invariance testing steps (see figure 3-9):
1. Find the shifted output y[n—n,] of the system.

2. Find the output of the shifted input y ,[n]=T{x[n—n,]}.

3. Compare stepl and step 2, if they are equal, then the system is time
invariance.
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_ Track 1 _ Track 1 | Response to
Input signal > lse?t'f:)rt?ithh? the shifted K\~
x[n] 9 x[n+n,] signal

[N =T{x[n - n, T}

Yq [n] = y1[n] -Y, [n]

Y, [n] = y[n - no]

Track 2 | Responseto | Track 2 _
the input Shifted output

signal y[n

Figure 3-9: Time Invariance
Testing steps

1. Continuous time systems:
Determine whether or not the system is a time-invariant for t,?
y(t) = tx(t)
To solve this task, we go through the steps described above for time
invariance testing:
Stepl: the result of the shifted output:
y(t—t5) =(t—to)X(t —t;)
Step 2: the output of the shifted input:

Y (1) =T{x(t—t;)}=tx(t - t;)

Step 3: Comparing the two outputs we see that they are not equal, so this
system is time varying.
2. Discrete time systems:
Determine whether or not the systems are time-invariant?

a. y[n]=7x[n-7].
Solution:
Stepl: the result of the shifted output:

y[n—ny]=7x[n—ny —7]

Step 2: the output of the shifted input:

Yoo =T{X[N =N ]}=7X[N—Nny — 7]
Step 3: Comparing the two outputs we see that they are equal, so this system is
time invariant.

b. y[n]=7nx[n]
Solution:
Stepl: the result of the shifted output:
y[n—ng]=7(n—ny)x[n—n]
Step 2: the output of the shifted input:

Yoo = T{XIN = Mo} = 7nX[n — o]

Step 3: Comparing the two outputs we see that they are not equal, so this
system is time varying.
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n
c. Accumulator system : y[n]= Zx[k]
k=—0
Solution:
Stepl: the result of the shifted output is given by:

yin-ngl= 3" x[K]

k=—0

Step 2: the output of the shifted input:

Yo = T{X[n—ny1}, let x,[n]= X[n—n,], then the corresponding output is

yilnl= X xi[KI= D xIK]

k=—00 k=—00
Step 3: Comparing the two outputs:
The two expressions are equal. To get that, let us change the index of
summation by i =k — n, in the second sum then we see that

n—n,

yuln]= D x[i1= yln—n,]

i=—0

So this system is time invariant.




